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PELL NUMBERS WITH LEHMER PROPERTY
BERNADETTE FAYE FLORIAN LUCA
Abstract. In this paper, we prove that there is no number with the
Lehmer property in the sequence of Pell numbers.
1. Introduction
Let φ(n) be the Euler function of a positive integer n. A composite integer
has the Lehmer property if φ(n) | n− 1. Lehmer [7] conjectured that there
are no such numbers. For a positive integer m, we write ω(m) for the number
of distinct prime divisors of m. Lehmer proved that if N has his property,
then ω(N) ≥ 7. This result has been improved by Cohen and Hagis in [3]
to ω(N) ≥ 14. The current record ω(N) ≥ 15 is due to Renze [10]. In case
where 3 | N , Bursci et al. [2] proved that ω(N) ≥ 40 · 106 and N > 1036·107 .
Many results concerning this problem can be found in the litterature (see
[1], [9]). Not succeeding in proving that there are no numbers with the
Lehmer property, some researchers concentrated on proving that there are
no numbers with the Lehmer property in certain interesting subsequences
of positive integers like in the Fibonacci sequence {Fn}n≥0 and its compan-
ion sequence {Ln}n≥0 (see [5] and [8]). In [4] and [6], it was shown that
there are no numbers with the Lehmer property in the sequence of Cullen
numbers {Cn}n≥1 of general term Cn = n2n + 1, and in some appropriate
generalization of the sequence of Cullen numbers, respectively.
Here, we use the same argument as in [8] to show that there is no
number with the Lehmer property in the Pell sequence {Pn}n≥0 given by
P0 = 0, P1 = 1 and Pn+2 = 2Pn+1 + Pn for all n ≥ 0. As with other
Lucas sequences, the Pell sequence has a companion {Qn}n≥0 given by
Q0 = 2, Q1 = 2 and Qn+2 = 2Qn+1 + Qn for all n ≥ 0. There are no
numbers with the Lehmer property in the companion sequence {Qn}n≥1
either, but this trivially follows from the fact Qn is even for all n ≥ 1.
Our result is the following:
Theorem 1. There is no Pell number with the Lehmer property.
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2. Preliminary results
Let (α, β) = (1 +
√
2, 1−√2) be the roots of the characteristic equation
x2 − 2x− 1 = 0 of the Pell sequence {Pn}n≥0. The Binet formula for Pn is
(1) Pn =
αn − βn
α− β for all n ≥ 0.
This implies easily that the inequality
(2) Pn ≥ 2n/2
hold for all n ≥ 2. Additionally, the Binet formula for Qn is
(3) Qn = α
n + βn for all n ≥ 0.
There are several relations among Pell and Pell-Lucas numbers which are
well-known and can be proved using the Binet formula (1) for the Pell num-
bers and its analog (3). We only use the following well-known results.
Lemma 2. The relation
(4) Q2n − 8P 2n = 4(−1)n
holds for all n ≥ 0. Further, if n is odd, then
(5) Pn − 1 =
{
P(n−1)/2Q(n+1)/2 if n ≡ 1 (mod 4);
P(n+1)/2Q(n−1)/2 if n ≡ 3 (mod 4).
For a prime p and a nonzero integer m let νp(m) be the exponent with
which p appears in the prime factorization of m. The following result is
well-known and easy to prove.
Lemma 3. The relations
(i) ν2(Qn) = 1,
(ii) ν2(Pn) = ν2(n)
hold for all positive integers n.
3. Proof of the Theorem
Let us recall that if N has the Lehmer property, then N has to be odd
and square-free. In particular, if Pn has the Lehmer property for some
positive integer n, then Lemma 3 (i) shows that n is odd. One checks with
the computer that there is no number Pn with the Lehmer property with
n ≤ 200. So, we can assume that n > 200. Put K = ω(Pn) ≥ 15.
From relation (5), we have that
Pn − 1 = P(n−ǫ)/2Q(n+ǫ)/2 where ǫ ∈ {±1}.
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By Theorem 4 in [9], we have that Pn < K
2K . By (2), we have that K2
K
>
Pn > 2
n/2. Thus,
(6) 2K logK >
n log 2
2
>
n
3
.
We now check that the above inequality implies that
(7) 2K >
n
4 log log n
.
Indeed, assume that the reverse inequality (7) holds. Then,
2K ≤ n
4 log log n
,
giving
K log 2 ≤ log n− log 4− log log log n < log n.
For the above right–hand side inequality, we used the fact that n > 200 > ee,
which implies that log log log n is positive. Thus,
K <
log n
log 2
< 2 log n.
We now get that
2K logK <
n log(2 log n)
4 log log n
.
Using inequality (6), we have that
n
3
< 2K logK <
n log 2
4 log log n
+
n
4
,
leading to log log n < 3 log 2, which implies that n < e8 < 3000. However,
since K ≥ 15 and Pn is odd, we have, by Lemma 2, that
215 | 2K | φ(Pn) | Pn − 1 = P(n−ǫ)/2Q(n+ǫ)/2.
We observe that from Lemma 3, Qn is never divisible by 4, so
214 | P(n+1)/2 or 214 | P(n−1)/2.
Lemma 3 again implies that 214 = 16384 divides one of (n+1)/2 or (n−1)/2.
This contradicts the fact that n < 3000. Thus, inequality (7) holds. Let q
be any prime factor of Pn. Reducing relation
(8) Q2n − 8P 2n = 4(−1)n
of Lemma 2 modulo q, we get Q2n ≡ −4 (mod q). Since q is odd, (because
n is odd), we get that q ≡ 1 (mod 4). This is true for all prime factors q of
Pn. Hence,
22K | φ(Pn) | Pn − 1 = P(n−ǫ)/2Q(n+ǫ)/2.
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Since Qn is never divisible by 4, we have that 2
2K−1 | divides one P(n+1)/2 or
P(n−1)/2. Hence, 2
2K−1 divides one of (n+1)/2 or (n− 1)/2. Using relation
(7), we have that
n+ 1
2
≥ 22K−1 ≥ 1
2
(
n
4 log log n
)2
.
This last inequality leads to
n2 < 16(n + 1)(log log n)2,
giving that n < 21, a contradiction, which completes the proof of this theo-
rem.
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